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Abstract
Thermodynamics is derived rigorously for the 1D supersymmetric t-J model
and its SU(K, 1) generalization with inverse-square exchange. The system
at low temperature is described in terms of spinons, antispinons, holons and
antiholons obeying fractional statistics. They are all free and make the spin
susceptibility independent of electron density, and the charge susceptibility
independent of magnetization. Thermal spin excitations responsible for the
entropy of the SU(K, 1) model are ascribed to free para-fermions of order
K − 1.
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Elementary excitations in one-dimensional electrons consist of collective modes of spin
and charge with velocities different from each other. This is often referred to as the spin-
charge separation. In the supersymmetric t-J model with the nearest-neighbor hopping, the
spin velocity depends on the average electron density n per site [1]. In the model with long-
range interactions, on the contrary, the spin velocity is independent of n, and the charge
velocity is independent of the magnetization m [2–5]. We refer to this independence as the
strong spin-charge separation. A question of basic importance is then whether the strong
spin-charge separation persists at finite temperature T . The purpose of this paper is to derive
thermodynamics of the model microscopically. We show that the low T thermodynamics
is determined by elementary excitations obeying fractional statistics, but that the strong
spin-charge separation breaks down as the temperature increases toward a characteristic
temperature.
At zero temperature elementary excitations in the long-range t-J model have been in-
vestigated in [6] where free semionic spinons, holons and bosonic antiholons are identified.
The thermodynamics of the spin chain (Haldane-Shastry model) has been derived with the
use of the empirical supermultiplet rule [7]. The empirical rule was generalized to the t-J
model in writing down the basic equation for the free energy [4]. The symmetry behind the
supermultiplet is now identified as Yangian [8]. On the other hand, a simple explanation
for the supermultiplet follows by deriving the family of long-range lattice models from the
continuum Sutherland model [11] in the limit of large coupling constant [9,10]. In [10],
the asymptotic Bethe ansatz (ABA) was used to derive the spectrum of the Sutherland
model. In this paper we also utilize the limiting procedure, but do not rely on any unproved
assumption.
The supersymmetric t-J model in one dimension [2] is represented in a form
H =
∑
i<j
tij(P˜ij + 1− 2ni), (1)
where ni is the electron number operator at site i. We have introduced a graded permutation
operator P˜ij =
∑
α,βX
αβ
i X
βα
j θβ where X
αβ
i changes the state α at site i to β with α, β being
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either 0 (vacant) or σ = ±1 (occupied by either spin written also as ↑, ↓). The sign factor θβ
is−1 if β = 0 and is 1 otherwise. The interaction has the long-range form: tij = tD(xi−xj)
−2
with D(xi − xj) = (L/π) sin[π(xi − xj)/L] and t > 0. Here L denotes length of the system,
and xi a lattice site.
We use as an auxiliary a variant of the Sutherland model in the continuum one-
dimensional space. It is given by
HSuth = −
1
2m
N∑
i=1
∂2
∂x2i
+
1
4m
∑
i<j
λ(λ−Mij)
D2ij
, (2)
where Mij is the exchange operator of coordinates of particles i and j [9]. The spectrum of
the model obtained by the ABA [10] has been proven to be exact [12]. The ground state
energy E0 is of O(λ
2), and the energy E relative to E0 is given in terms of the distribution
function να(k) for the component α with momentum k. Here k is an integer multiple of
2π/L with the periodic boundary condition. The result is
E − E0 =
∑
k
k2
2m
ν (k) +
πλ
4mL
∑
k,k′
|k − k′|ν (k) ν (k′) , (3)
where ν(k) =
∑
α να(k). For identical particles with internal degrees of freedom, the sym-
metry of the wave function leads to MijP˜ij = −1 within this Hilbert space. We take the
limit of large λ and m, keeping the ratio t = λ/(ma2) fixed. Here a = L/N corresponds to
the lattice constant. In this limit the N particles crystallize at the lattice points, and the
first term without λ in Eq.(3) becomes negligible. The second term describes the spectrum
of the lattice model given by Eq.(1) plus the lattice vibration (phonon). In the following
we take the units such that t = a = 1. It can be shown that the phonon frequency ωq is
given for positive momentum q by ωq = q(π − q/2) = (π
2 − p2)/2 ≡ ω(p), where we have
introduced p = π − q and ω(p) for later convenience.
The quasi-particle energy ǫ(k) for the component α is given by ǫ(k) = δE/δνα(k) which
in fact is independent of α. The velocity (or rapidity) p(k) is defined by p(k) = ∂ǫ(k)/∂k
which tends to π as k goes to infinity. By further differentiating the rapidity we obtain
∂p
∂k
=
∂p
∂ǫ
∂ǫ
∂k
=
1
2
∂p2
∂ǫ
= ν(k), (4)
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in the thermodynamic limit N →∞.
The distribution functions are determined so as to minimize the thermodynamic poten-
tial. Namely one has νσ(k) = f (ǫ(k)− µσ) and ν0(k) = b (ǫ(k)− µ0) where f and b are fermi
and bose distribution functions with chemical potentials µα. Then integration of Eq.(4) with
respect to ǫ gives
1
2
(π2 − p2) = ω(p) = T ln(1 + ν0)− T
∑
σ
ln(1− νσ), (5)
where π2 in the leftmost side comes from the boundary condition at ǫ → ∞, and where
obvious arguments of distribution functions are omitted. The results so far given are the
same as those obtained in [10] with use of the ABA, but are quoted here as prerequisite to
the new results to be given below.
It is convenient to introduce another distribution function ρα(p) in the p space by
ρα(p)dp = να(k)dk, with the sum rule
∑
α ρα(p) = 1 for each p. Excitations in the t-J model
can be described in terms of ρ0(p) for charge and ρs(p) = ρ↑(p)− ρ↓(p) for spin. At T = 0,
the distribution functions reduce to step functions: ρ0(p) = θ(pc − p) and ρs(p) = θ(p− ps)
where pc = π(1−n) and ps = π(1−m). Here n = n↑+n↓ is the average number of electrons
per site, and m = n↑ − n↓ the magnetization. Note that pc and ps corresponds to velocities
of charge and spin, respectively.
Magnetic and charge susceptibilities describe changes of m and n against the changes
of the magnetic field h and the electron chemical potential ζ . These are related to µα by
µσ − µ0 = ζ + σh. The phonons are not affected by the change and can be disregarded. Let
us consider the low T case where P ≡ exp(−βh) ≪ 1 and M ≡ exp(−βζ) ≪ P . Then
the thermodynamics is determined by excitations near pc and ps. We shall first derive the
charge susceptibility and introduce
ǫc(p) =
1
2
(p2 − π2) + 2ζ ≡
1
2
(p2 − p2c), (6)
Then ρ0(p) near p = pc is obtained as
ρ0(p) =
b(ǫ− µ0)
2 + b(ǫ− µ0)
=
1√
4 exp[βǫc(p)] + 1
(7)
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where f(ǫ−µσ) has been approximated by 1 with the condition M ≪ P ≪ 1. The function
2ρ0(p) is the distribution function for semionic particles with energy ǫc(p)/2 [13]. This
particle is called the holon. We shall discuss the statistics in detail later.
The density n is given by
1− n =
∫ pi
0
dp
π
ρ0 ≃
1
π
∫ ∞
−∞
dǫcp(ǫc)
(
−
∂ρ0
∂ǫc
)
, (8)
where we have used the delta-function like character of −∂ρ0/∂ǫc in extending the range of
integration. The quantities
In ≡
∫ ∞
−∞
dǫcǫ
n
c
(
−
∂ρ0
∂ǫc
)
, (9)
are calculated to be: I0 = 1, I1 = 0, I2 = 2π
2T 2/3, I3 = 12ζ(3)T
3. Thus one can perform a
low T expansion of n. With the use of Eq.(6) we obtain p(ǫc) ≃ pc+ǫc/pc−ǫ
2
c/(2p
3
c)+ǫ
3
c/(2p
5
c).
The charge susceptibility χc(n) is given by
∂n
∂ζ
≡ χc(n) =
2
π2(1− n)
[1 +
2T 2
3π2(1− n)4
] +O(T 3), (10)
which is independent of m. This independence is a signature of the strong spin-charge
separation at low T . The presence of O(T 3) term in Eq.(10) makes a difference from the
standard Sommerfeld expansion. Analysis of the p integral shows that the m-dependence at
low T enters through an exponentially small parameter exp(−Tmix/T ) where
Tmix =
1
2
(p2s − p
2
c) =
1
2
π2(2− n−m)(n−m). (11)
We now turn to the spin susceptibility. In deriving ρs near ps, we can set ρ0 = 0. Then
from Eq.(5) we obtain with a little manipulation
ρs(p) =
1√
4 exp[βǫs(p)] + 1
, (12)
where ǫs(p) is given by
ǫs(p) =
1
2
(π2 − p2)− 2h =
1
2
(p2s − p
2). (13)
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Thus the spin excitation with energy ǫs(p)/2 also obeys the semionic statistics, and is called
the spinon [7]. The magnetization m is given by integration of ρs(p) and the differential
susceptibility is derived as
∂m
∂h
≡ χm(m) =
2
π2(1−m)
[1 +
2T 2
3π2(1−m)4
] +O(T 3). (14)
It should be emphasized that χm(m) has precisely the same functional form as χc(n). That
χm(m) is independent of n is another signature of the strong spin-charge separation. The
spin susceptibility χs is related to the magnetic susceptibility χm by χm = 4χs.
If we take the limit of zero magnetic field first, i.e., h/T ≪ 1, we have ρs(p) =
βh exp [βω(p)/2] . Then the susceptibility is given by
χm =
2
π2
(
1 +
2
π2
T
)
+O(T 2), (15)
which has the O(T ) correction in contrast to Eq.(14). The difference comes from the p-linear
spinon spectrum near p = π. For general temperature, χs = χm/4 at h = 0 can be derived
numerically from
χs =
β
4π
∫ pi
0
dp
f(1− f)
2f + b
. (16)
Figure 1 shows the results for various n. It is clearly seen that the zero temperature limit as
well as the initial slope is independent of n. This again demonstrates the strong spin-charge
separation. We remark that there is no logarithmic singularity near T = 0 in contrast to
the Heisenberg model [14]. The absence confirms that the supersymmetric t-J model is the
fixed-point model for one-dimensional electrons [2,6,15]. As seen in Fig.1, χs does come to
depend on n with increasing T . The breakdown of the strong spin-charge separation already
begins at T substantially lower than Tmix given by Eq.(11).
Let us turn to the entropy StJ per site of the t-J model which consists of the boson part
S0, the fermion part Sσ for each spin, and minus of the phonon part Sph. We first compute
S0 given by
S0 =
∫ pi
0
dp
π
1
ν
[(b+ 1) ln(b+ 1)− b ln b], (17)
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where one may set ν = 2 + b at low T since the dominant contribution comes from p ≃ pc.
Eliminating b in favor of ρ0 we get by partial integration
S0 =
β
2π
∫ ∞
−∞
dǫp(ǫ)ǫ
(
−
∂ρ0
∂ǫ
)
≃
πT
3pc
. (18)
The fermion part can be derived for arbitrary magnetization. We start with the expression
NSσ = −
∑
k[νσ ln νσ+(1− νσ) ln(1− νσ)], and change the integration variable to ǫ(k)−µσ.
At low T the dominant contribution comes from ǫ(k)− µσ ≃ 0. Then we get
Sσ =
β
π
∫ ∞
−∞
dǫ(ǫ− µσ)k(ǫ)
(
−
∂f(ǫ − µσ)
∂ǫ
)
≃
πT
3pσ
, (19)
with pσ = ∂ǫ(k)/∂k at ǫ(k) = µσ. In the case of m > 0, the contribution S↑ with p↑ = π is
the same as Sph and cancels each other, while p↓ = ps = π(1−m). The final result is
StJ ≃
T
3
(
1
1− n
+
1
1−m
)
=
π2
6
T (χc + χm) , (20)
which also corresponds to the specific heat γT . The result describes a two component
(spin and charge) Tomonaga-Luttinger liquid, and proves previous conjectures [2,3]. In the
opposite limit of high T , we may neglect the p-dependence of ρα(p). Then for fixed nσ we
recover the obvious result StJ = −
∑
σ nσ lnnσ − (1− n) ln(1− n).
The fractional statistics of excitations is better understood by generalizing the super-
symmetry to SU(K, 1). If a particle obeys the exclusion statistics characterized by g, the
distribution function ρ(p) obeys the equation
ρh(p) + gρ(p) = 1, (21)
where ρh(p) = wρ(p) is the distribution function of the anti-particle (hole) [13]. The weight
factor w is equal to 1/ν0 for the charge component, and to (1−να)/να for the spin component
α = 1, . . . , K in the SU(K, 1) model. The particle-hole duality [6,13] becomes apparent if
one divides both sides of Eq.(21) by g ( 6= 0) and makes a rescaling dp → dp/g. Then it is
seen that the anti-particle follows the 1/g statistics. The energy of the anti-particle is −1/g
times that of the particle with the same p.
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The holon and antiholon distributions near p = pc are given by ρ0 = b/(K + b) and
ρh0(p) = 1/(K + b) at low T with M ≪ P ≪ 1. Because of the relation ρ0(p) +Kρ
h
0(p) = 1,
the antiholon obeys the K statistics without the rescaling of dp. The energy of the antiholon
is given by −ǫc(p). The holon on the other hand obeys the 1/K statistics and p needs the
rescaling dp → dp/K. Thus the compensating factor K = 2 has appeared as 2ρ0(p) for
holons in the SU(2,1) t-J model.
Similarly ρα near p = pα for α = 1, . . . , K is rewritten as ρα = να/(α − 1 + να) where
the occupation n1 > n2 > . . . > nK > 0 has been assumed. Then we get
αρα(p) + (α− 1)ρ
h
α(p) = 1 (22)
where ρhα(p) is the distribution function of the anti-particle (spinon). Dividing Eq.(22) by
α we obtain the statistics of the spinon as (α − 1)/α with the rescaling dp → dp/α. The
anti-particle of the spinon (antispinon) correspondingly follows the α/(α−1) statistics with
the rescaling dp → dp/(α − 1). The antispinon is first identified in this paper. It has not
been noticed in [6] probably because the singlet ground state with pα = π for all α has no
antispinon. In the special case of α = 2 the statistics of spinon is reduced to 1/2, i.e. to the
semionic one. The rescaling explains why the spinon spectrum [8] is periodic in π instead of
2π.
For thermal excitations a description different from the exclusion statistics can be more
convenient. As is well known the entropy of the X-Y chain can be understood most easily
in terms of free fermions introduced by the Jordan-Wigner transformation. For spin com-
ponents more than 2, ref. [16] has introduced para-fermions for another long-range model
with harmonic confinement potential. We now explore this type of description in the present
model. For simplicity we consider the case of n = 1 without magnetic field. Setting b = 0
in Eq.(5) we obtain να = 1 − exp(−βω/K) with ω = (π
2 − p2)/2 for α = 1, . . . , K. Then
the fermion part of the entropy becomes
K∑
α=1
Sα =
∫ pi
0
dp
π
[
βω/K
exp(−βω/K)− 1
− ln(1− exp(−βω/K)]. (23)
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The phonon part Sph is given by the same expression as above but with K = 1. Therefore,
the entropy SSU(K) of the long-range model is written as SSU(K) = −∂ΩSU(K)/∂T with
ΩSU(K) = −T
∫ pi
0
dp
π
ln[1 + e−βω/K + e−2βω/K + . . .+ e−(K−1)βω/K ]. (24)
This is in fact valid for any T . It is natural to interpret ΩSU(K) as that of ideal para-fermions
of order K for which up to K−1 particles can take the same quantum number p. The para-
fermion is reduced to the fermion in the case of K = 2, which can also be regarded as a pair
of spinons [17]. In the case of n < 1, the holon also contributes to the entropy and Eq.(24)
describes the spin part at T ≪ Tmix.
In summary we have derived thermodynamics of the supersymmetric t-J model and have
shown that the system at low T is equivalent to a set of ideal particles obeying fractional
statistics. The strong spin-charge separation is caused by the absence of interaction among
them. We note that description of fractional statistics is the same as that of single-component
systems only at low T . At higher T the multi-component character of fractional statistics
appears explicitly. Detailed discussion for general T with extensive numerical results will be
given separately. The authors thank N. Kawakami for useful discussions.
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